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In this paper the dynamic analysis of 3-D beam elements restrained at their edges by the most general linear torsional,
transverse or longitudinal boundary conditions and subjected in arbitrarily distributed dynamic twisting, bending, trans-
verse or longitudinal loading is presented. For the solution of the problem at hand, a boundary element method is devel-
oped for the construction of the 14 · 14 stiﬀness matrix and the corresponding nodal load vector of a member of an
arbitrarily shaped simply or multiply connected cross section, taking into account both warping and shear deformation
eﬀects, which together with the respective mass and damping matrices lead to the formulation of the equation of motion.
To account for shear deformations, the concept of shear deformation coeﬃcients is used, deﬁning these factors using a
strain energy approach. Eight boundary value problems with respect to the variable along the bar angle of twist, to the
primary warping function, to a ﬁctitious function, to the beam transverse and longitudinal displacements and to two stress
functions are formulated and solved employing a pure BEM approach that is only boundary discretization is used. Both
free and forced transverse, longitudinal or torsional vibrations are considered, taking also into account eﬀects of trans-
verse, longitudinal, rotatory, torsional and warping inertia and damping resistance. Numerical examples are presented
to illustrate the method and demonstrate its eﬃciency and accuracy. The inﬂuence of the warping eﬀect especially in mem-
bers of open form cross section is analyzed through examples demonstrating the importance of the inclusion of the warping
degrees of freedom in the dynamic analysis of a space frame. Moreover, the discrepancy in the dynamic analysis of a mem-
ber of a spatial structure arising from the ignorance of the shear deformation eﬀect necessitates the inclusion of this addi-
tional eﬀect, especially in thick walled cross section members.
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One of the problems often encountered in engineering practice is the dynamic analysis of rectilinear or
curved members of structures, subjected to vibratory transverse, longitudinal or twisting loading. The
dynamic forces acting on a structure may result from one or more of diﬀerent causes, such as rotating machin-
ery, wind, symmetric and asymmetric traﬃc loading, blast loads or earthquake forces. The extensive use of the
aforementioned structural elements necessitates a rigorous dynamic analysis. However, accurate dynamic
analysis is diﬃcult to achieve for two reasons.
According to the ﬁrst reason, general commercial programs consider six degrees of freedom at each node of
a member of a space frame, ignoring in this way the warping eﬀects due to the corresponding restraint at the
ends of the member (Murin and Kutis, 2002; Murin, 1999; Murin, 1998). If the aforementioned structures are
analyzed or designed for torsion considering only the eﬀect of Saint Venant torsion resistance, the analysis
may underestimate the torsion in the members and the design may be unconservative. Several researchers tried
to overcome this inaccuracy by developing a 14 · 14 member stiﬀness matrix including torsional warping
degrees of freedom at the ends of a member with open thin-walled homogeneous cross section and assuming
simple (Reilly, 1972; Barsoum and Gallagher, 1970; Waldron, 1985; Waldron, 1986) or more complicated tor-
sional boundary conditions (Yang and McGuire, 1984; Ahmed and Weisgerber, 1996).
According to the second reason, the aforementioned commercial programs ignore shear deformations due
to the fact that they are unable to compute shear correction factors. Though these deformations are quite
small in most civil engineering applications, they may be dominant in some situations, where bending
moments are small compared to shear forces acting on the member. This is normally true in short span beams
or in structural systems such as curved box girder bridges.
In this paper the dynamic analysis of 3-D beam elements restrained at their edges by the most general linear
torsional, transverse or longitudinal boundary conditions and subjected in arbitrarily distributed dynamic
twisting, bending, transverse or longitudinal loading is presented. For the solution of the problem at hand,
a boundary element method (Katsikadelis, 2002) is developed for the construction of the 14 · 14 stiﬀness
matrix and the corresponding nodal load vector, of a member of an arbitrarily shaped simply or multiply con-
nected cross section, taking into account both warping and shear deformation eﬀects, which together with the
respective mass and damping matrices lead to the formulation of the equation of motion. To account for shear
deformations, the concept of shear deformation coeﬃcients is used. In this investigation the deﬁnition of these
factors is accomplished using a strain energy approach (Bach and Baumann, 1924; Stojek, 1964), instead of
Timoshenko’s (Timoshenko and Goodier, 1984) and Cowper’s (Cowper, 1966) deﬁnitions, for which several
authors (Schramm et al., 1994; Schramm et al., 1997) have pointed out that one obtains unsatisfactory results
or deﬁnitions given by other researchers (Stephen, 1980; Hutchinson, 2001), for which these factors take neg-
ative values. Eight boundary value problems with respect to the variable along the bar angle of twist, to the
primary warping function, to a ﬁctitious function, to the beam transverse and longitudinal displacements and
to two stress functions are formulated and solved employing a pure BEM approach that is only boundary dis-
cretization is used. Both free and forced transverse, longitudinal or torsional vibrations are considered, taking
also into account eﬀects of transverse, longitudinal, rotatory, torsional and warping inertia and damping resis-
tance. Numerical examples are presented to illustrate the method and demonstrate its eﬃciency and accuracy.
The inﬂuence of the warping eﬀect especially in members of open form cross section is analyzed through exam-
ples demonstrating the importance of the inclusion of the warping degrees of freedom in the dynamic analysis
of a space frame. Moreover, the discrepancy in the dynamic analysis of a member of a spatial structure arising
from the ignorance of the shear deformation eﬀect necessitates the inclusion of this additional eﬀect, especially
in thick walled cross section members.
2. Statement of the problem
Consider a prismatic 3-D beam element of length l with an arbitrarily shaped cross section, occupying the
two dimensional multiply connected region X of the y, z plane bounded by the K + 1 curves
C1,C2, . . . ,CK,CK+1, as shown in Fig. 1. These boundary curves are piecewise smooth, i.e. they may have a
ﬁnite number of corners. The material of the beam, with modulus of elasticity E, shear modulus G, Poisson’s
(a)
(b)
Fig. 1. Prismatic beam (a) with a cross section of arbitrary shape occupying the two dimensional region X (b).
E.J. Sapountzakis, V.G. Mokos / International Journal of Solids and Structures 43 (2006) 6707–6726 6709ratio m and mass density q is assumed homogeneous, isotropic and linearly elastic. Without loss of generality,
it may be assumed that C~y~z andMyz are the principal systems of axes through the cross section’s centroid and
shear center, respectively.
In order to include the warping behaviour in the study of the aforementioned element in each node at the
element ends a seventh degree of freedom is added to the well known six DOFs of the classical three-dimen-
sional frame element. The additional DOF is the ﬁrst derivative of the angle of twist h0x ¼ dhx=dx denoting the
rate of change of the angle of twist hx = hx(x, t), which can be regarded as the torsional curvature (Fig. 2) ofFig. 2. Torsional curvature of a rectangular (a) and a hollow square (b) cross section.
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be written asfDigT ¼ f u~xj u~yj u~zj hxj h~yj h~zj h0xj u~xk u~yk u~zk hxk h~yk h~zk h0xk g ð1Þ
and the corresponding nodal load vector asfP igT ¼ fNj Qyj Qzj Mxj M~yj M~zj Mwj Nk Qyk Qzk Mxk M~yk M~zk Mwk g ð2Þ
The nodal displacement and load vectors given in Eqs. (1) and (2) are related with the 14 · 14 local stiﬀness
matrix of the spatial beam element written asð3Þwhere the kiTn ðn ¼ 1; 2; 3; 4; 5; 6Þ stiﬀness coeﬃcients contain the torsional warping eﬀects, while the kilm stiﬀ-
ness coeﬃcients (l,m = 2,3,5,6,9,10,12,13) contain the shear deformation eﬀects following the so called Tim-
oshenko beam theory. The evaluation of the coeﬃcients of the 14 · 14 stiﬀness matrix of Eq. (3), of the nodal
load vector of Eq. (2) and of the mass and damping matrices presumes the solution of four initial boundary
value problems with respect to the variable along the bar angle of twist and to the beam transverse and lon-
gitudinal displacements that are analyzed in the following.2.1. Bar torsional vibration
Deﬁning as ECM and GIx the cross section’s warping and torsional rigidities, respectively, where CM and Ix
are its warping and torsion constants and ignoring the additional inertia forces caused by the eccentricity
between the cross section’s centroid and shear center, the angle of twist hx = hx(x, t) of the bar subjected to
the arbitrarily distributed dynamic twisting moment mx = mx(x, t) is governed by the following initial bound-
ary value problem (Tanaka and Bercin, 1997; Prokic´, 2005)
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o4hx
ox4
 GIx o
2hx
ox2
 q CM o
2
ot2
o2hx
ox2
 
 IMp
o2hx
ot2
 
þ ct ohxot ¼ mx inside the bar ð4Þ
cx1hx þ cx2Mx ¼ cx3 ð5aÞ
dx1
ohx
ox
þ dx2Mw ¼ dx3 at the bar ends x ¼ 0; l ð5bÞ
hxðx; 0Þ ¼ hxðxÞ _hxðx; 0Þ ¼ _hxðxÞ ð6a; bÞ
where _hxðx; tÞ ¼ ohx=ot is the ﬁrst derivative of the angle of twist with respect to time; hxðxÞ, _hxðxÞ are the initial
angle of twist and the corresponding initial velocity of the points of the bar axis; ct is the torsional damping
constant per unit length; IMp is the polar moment of inertia of the cross section with respect to the shear center
M (see Fig. 1) given asIMp ¼
Z
X
ðy2 þ z2ÞdX ð7ÞMoreover, cxi, dxi (i = 1,2,3) are functions speciﬁed at the boundary of the bar.
In Eqs. (5a,b) Mx =Mx(x, t), Mw =Mw(x, t) are the twisting moment and the warping moment due to the
torsional curvature at the bar ends, respectively given as (Sapountzakis and Mokos, 2003)Mx ¼ MPx þMSx Mw ¼ ECM
o2hx
ox2
ð8a; bÞwhere MPx is the primary twisting moment resulting from primary shear stress distribution and M
S
x is the sec-
ondary twisting moment resulting from secondary shear stress distribution due to warping given asMPx ¼ GIx
ohx
ox
MSx ¼ ECM
o3hx
ox3
ð9a; bÞThe solution of the initial boundary value problem given from Eqs. (4), (5a,b), (6a,b), which represents the
dynamic nonuniform torsion problem of bars, presumes the evaluation of the warping and torsion constants
CM and Ix, respectively, which are given as (Sapountzakis and Mokos, 2003)CM ¼
Z
X
ðuPMÞ2 dX ð10Þ
Ix ¼
Z
X
y2 þ z2 þ y ou
P
M
oz
 z ou
P
M
oy
 
dX ð11Þwhere uPMðy; zÞ is the primary warping function with respect to the shear center M of the cross section of the
bar.
2.2. Beam transverse vibrations
Deﬁning as EI~y , EI~z the cross section’s ﬂexural rigidities with I~y , I~z its bending moments of inertia with
respect to the principal centroidal axes ~y, ~z and as GA~y , GA~z its shear rigidities of the Timoshenko’s beam the-
ory, whereA~y ¼ j~yA ¼ 1a~y A A~z ¼ j~zA ¼
1
a~z
A ð12a; bÞare the shear areas with respect to ~y, ~z, respectively with j~y , j~z the shear correction factors, a~y , a~z the shear
deformation coeﬃcients and A the cross section area, the beam transverse displacement u~z ¼ u~zð~x; tÞ subjected
to the dynamic arbitrarily distributed transverse loading p~z ¼ p~zð~x; tÞ and to the dynamic arbitrarily distributed
bending moment m~y ¼ m~yð~x; tÞ (see Fig. 1) is governed by the following initial boundary value problem
(Humar, 2002)
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o4u~z
o~x4
þ qA o
2u~z
ot2
 
 qI~y o
2
ot2
o2u~z
o~x2
  
þ EI~y
GA~z
o2
o~x2
p~z  qA
o2u~z
ot2
  
 qI~y
GA~z
o2
ot2
p~z  qA
o2u~z
ot2
  
þ c~z ou~zot ¼ p~z þ
om~y
o~x
inside the beam ð13Þ
c~z1u~z þ c~z2Q~z ¼ c~z3 ð14aÞ
d~z1h~y þ d~z2M~y ¼ d~z3 at the beam ends ~x ¼ 0; l ð14bÞ
u~zð~x; 0Þ ¼ u~zð~xÞ _u~zð~x; 0Þ ¼ _u~zð~xÞ ð15a; bÞwhere _u~zð~x; tÞ ¼ ou~z=ot is the ﬁrst derivative of the transverse displacement u~z with respect to time; u~zð~xÞ, _u~zð~xÞ
are the initial transverse displacement and the corresponding initial velocity of the points of the beam axis and
c~z is the ﬂexural damping constant per unit length with respect to ~z axis. Moreover, c~zi, d~zi ði ¼ 1; 2; 3Þ are func-
tions speciﬁed at the boundary of the beam, while in Eqs. (14a,b) Q~z ¼ Q~zð~x; tÞ is the shear force and
M~y ¼ M~yð~x; tÞ the bending moment at the beam ends given asQ~z ¼ GA~z
ou~z
o~x
þ h~y
 
M~y ¼ EI~y oh~yo~x ð16a; bÞSimilarly, the beam transverse displacement u~y ¼ u~yð~x; tÞ subjected to the dynamic arbitrarily distributed
transverse loading p~y ¼ p~yð~x; tÞ and to the dynamic arbitrarily distributed bending moment m~z ¼ m~zð~x; tÞ is
governed by the following initial boundary value problem:EI~z
o4u~y
o~x4
þ qA o
2u~y
ot2
 
 qI~z o
2
ot2
o2u~y
o~x2
  
þ EI~z
GA~y
o2
o~x2
p~y  qA
o2u~y
ot2
  
 qI~z
GA~y
o2
ot2
p~y  qA
o2u~y
ot2
  
þ c~y ou~yot ¼ p~y 
om~z
o~x
inside the beam ð17Þ
c~y1u~y þ c~y2Q~y ¼ c~y3 ð18aÞ
d~y1h~z þ d~y2M~z ¼ d~y3 at the beam ends ~x ¼ 0; l ð18bÞ
u~yð~x; 0Þ ¼ u~yð~xÞ _u~yð~x; 0Þ ¼ _u~yð~xÞ ð19a; bÞwhere _u~yð~x; tÞ ¼ ou~y=ot is the ﬁrst derivative of the transverse displacement u~y with respect to time; u~yð~xÞ, _u~yð~xÞ
are the initial transverse displacement and the corresponding initial velocity of the points of the beam axis and
c~y is the ﬂexural damping constant per unit length with respect to ~y axis.
Furthermore, c~yi, d~yiði ¼ 1; 2; 3Þ are functions speciﬁed at the boundary of the beam, while in Eqs. (18a,b)
Q~y ¼ Q~yð~x; tÞ is the shear force and M~z ¼ M~zð~x; tÞ the bending moment at the boundary of the beam given asQ~y ¼ GA~y
ou~y
o~x
 h~z
 
M~z ¼ EI~z oh~zo~x ð20a; bÞThe solution of the initial boundary value problems given from Eqs. (13), (14a,b), (15a,b) and (17), (18a,b),
(19a,b)which represent the transverse vibrations of beams, presumes the evaluation of the shear deformation
coeﬃcients a~z, a~y , respectively, corresponding to the principal centroidal system of axes C~y~z. These coeﬃcients
are established equating the approximate formula of the shear strain energy per unit length (Schramm et al.,
1997)U appr. ¼
a~yQ
2
~y
2AG
þ a~zQ
2
~z
2AG
ð21Þwith the exact one given from
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Z
X
ðs~x~zÞ2 þ ðs~x~yÞ2
2G
dX ð22Þand are obtained as (Sapountzakis and Mokos, 2005)a~y ¼ 1j~y ¼
A
D2
Z
X
½ðrHÞ  e  ½ðrHÞ  edX ð23aÞ
a~z ¼ 1j~z ¼
A
D2
Z
X
½ðrUÞ  d  ½ðrUÞ  ddX ð23bÞwhere ðs~x~zÞj; ðs~x~yÞj are the transverse (direct) shear stress components, ($)  iy(o/oy) + iz(o/oz) is a symbolic
vector with i~y ; i~z the unit vectors along ~y and ~z axes, respectively, D is given fromD ¼ 2ð1þ mÞI~yI~z ð24Þ
mis the Poisson’s ratio of the cross section material, e and d are vectors deﬁned ase ¼ mI~y ~y
2  ~z2
2
 
i~y þ mI~y~y~z
 
i~z ð25aÞ
d ¼ mI~z~y~zð Þi~y þ mI~z ~z
2  ~y2
2
 
i~z ð25bÞand Hð~y;~zÞ, Uð~y;~zÞ are stress functions, which are evaluated from the solution of the following Neumann type
boundary value problems (Sapountzakis and Mokos, 2005)r2H ¼ 2I~y~y in X ð26aÞ
oH
on
¼ n  e on C ¼
[Kþ1
j¼1
Cj ð26bÞ
r2U ¼ 2I~z~z in X ð27aÞ
oU
on
¼ n  d on C ¼
[Kþ1
j¼1
Cj ð27bÞwhere n is the outward normal vector to the boundary C. In the case of negligible shear deformations
a~z ¼ a~y ¼ 0.
2.3. Bar axial vibration
Deﬁning as EA the cross section’s axial rigidity, the longitudinal displacement u~x ¼ u~xð~x; tÞ of the beam sub-
jected to the arbitrarily distributed dynamic longitudinal loading p~x ¼ p~xð~x; tÞ is governed by the following ini-
tial boundary value problemEA
o2u~x
o~x2
 qA o
2u~x
ot2
 c~x ou~xot ¼ p~x inside the bar ð28Þ
c~x1u~x þ c~x2N ¼ c~x3 at the bar ends ~x ¼ 0; l ð29Þ
u~xð~x; 0Þ ¼ u~xð~xÞ _u~xð~x; 0Þ ¼ _u~xð~xÞ ð30a; bÞwhere _u~xð~x; tÞ ¼ ou~x=ot is the ﬁrst derivative of the longitudinal displacement u~x with respect to time; u~xð~xÞ,
_u~xð~xÞ are the initial longitudinal displacement and the corresponding initial velocity of the points of the bar
axis; c~x is the axial damping constant per unit length; c~xi ði ¼ 1; 2; 3Þ are functions speciﬁed at the boundary
of the beam and N ¼ Nð~x; tÞ is the axial reaction at the bar ends given asN ¼ EA ou~x
o~x
ð31Þ
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3.1. For the angle of twist hx and the transverse u~z, u~y and longitudinal u~x displacements
The numerical solution of the initial boundary value problems described by Eqs. (4), (5a,b), (6a,b), (13),
(14a,b), (15a,b), (17), (18a,b), (19a,b) and (28), (29), (30a,b) is similar. Their solution can be accomplished
using a BEM-based method, employing a boundary integral equation approach as this is presented in Sapo-
untzakis (2000) or in Katsikadelis and Tsiatas (2004). In this paper following the formulation presented in
Sapountzakis (2000), say for the ﬁrst of the aforementioned boundary value problems, the discretized form
of the integral representation for the angle of twist hx = hx(x, t) at any interior point of the bar and at any
instant is obtained ashxðx; tÞ ¼ fCxgfH00xg þ fDxgf €Hxg þ fExgf €H00xg þ fF xgf _Hxg
þ fAx1gfAx2gfAx3gfAx4gf g fhxgfh0xgfh00xgfh000x g
 	T þ Bx ð32Þ
wheref _HxgT ¼ ohxot
 
1
ohx
ot
 
2
   ohx
ot
 
L
 
ð33aÞ
f €HxgT ¼ o
2hx
ot2
 
1
o2hx
ot2
 
2
   o
2hx
ot2
 
L
 
ð33bÞ
f €H00xgT ¼
o2
ot2
o2hx
ox2
 
1
o2
ot2
o2hx
ox2
 
2
   o
2
ot2
o2hx
ox2
 
L
 
ð33cÞ
fH00xgT ¼
o2hx
ox2
 
1
o2hx
ox2
 
2
   o
2hx
ox2
 
L
 
ð33dÞare the values of the derivatives of the angle of twist hx = hx(x, t) at the L nodal points along the bar axis, whilefhxgT ¼ ðhxÞ0 ðhxÞlf g ð34aÞ
fh0xgT ¼
ohx
ox
 
0
ohx
ox
 
l
 
ð34bÞ
fh00xgT ¼
o2hx
ox2
 
0
o2hx
ox2
 
l
 
ð34cÞ
fh000x gT ¼
o3hx
ox3
 
0
o3hx
ox3
 
l
 
ð34dÞare the values of the boundary quantities at the bar ends x = 0,L. Moreover, in Eq. (32) {Cx}, {Dx}, {Ex},
{Fx} are 1 · L, while {Axi} (i = 1,2,3,4) are 1 · 2 known coeﬃcient row matrices and Bx is a known
coeﬃcient.
Writing Eq. (32) for the L nodal points and eliminating the values of the function o2hx/ox
2 at these points
and of the boundary quantities hx, ohx/ox, o
2hx/ox
2, o3hx/ox
3 at the bar ends x = 0,L, the following typical
equation of motion of the bar for the angle of twist hx = hx(x, t) is obtained as½Mtf €Hxg þ ½Ctf _Hxg þ ½KtfHxg ¼ fP tg ð35Þ
wherefHxgT ¼ f ðhxÞ1 ðhxÞ2    ðhxÞL g ð36Þ
is a vector including the angle of twist hx = hx(x, t) at the L nodal points, [Mt] is the consistent mass matrix,
[Ct] is the consistent damping matrix, [Kt] is the stiﬀness matrix containing the k
i
Tn ðn ¼ 1; 2; 3; 4; 5; 6Þ (tor-
sional) stiﬀness coeﬃcients of the 14 · 14 local stiﬀness matrix of Eq. (3) of the spatial beam element and
{Pt} is the (torsional) nodal load vector.
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are formulated and the kilm stiﬀness coeﬃcients (l,m = 1,2,3,5,6,8,9,10,12,13) of the 14 · 14 stiﬀness matrix
of Eq. (3) are established. Since the stiﬀness matrix, the consistent mass and damping matrices and the nodal
load vector of a spatial beam element are established, the equation of motion of a space frame can be formu-
lated using the ﬁnite element method as½M f€Dg þ ½Cf _Dg þ ½KfDg ¼ fPg ð37Þ
with [M] the mass, [C] the damping, [K] the stiﬀness matrices, {P} the nodal load, {D} the (relative) displace-
ment, f _Dg the velocity and f€Dg the acceleration vectors of the space frame. Thus, we have
3.1.1. Forced vibrations
For forced vibrations Eq. (37) can be solved using any time step integration scheme. The initial conditions
in this case arefDð0Þg ¼ fDg f _Dð0Þg ¼ f _Dg ð38a; bÞ3.1.2. Free vibrations without damping forces
For free vibrations without damping forces, it is [C] = [0] and {P} = {0}. By settingfDðtÞg ¼ fW geixt ð39Þ
we obtain the following typical eigenvalue problem½Kdyn  1x2i
½I 
 
fW g ¼ 0 ð40Þfrom which the eigenfrequencies xi (1,2, . . . ,N) and the corresponding mode shapes {Ui} (1,2, . . . ,N) of the
space frame can be established, where N is its (dynamic) degrees of freedom, {W} is an arbitrary vector,
[Kdyn] = [F][M] would be recognized as the dynamic matrix of the space frame and [F] = [K]
1 is its ﬂexibility
matrix.
3.2. For the primary warping function ðuPMÞj
The evaluation of the primary warping function uPM is accomplished using BEM as this is presented in
Sapountzakis (2000).
3.3. For the stress functions H(y,z) and U(y, z)
The evaluation of the stress functions H(y,z) and U(y,z) is accomplished using BEM as this is presented in
Sapountzakis and Mokos (2005).
4. Numerical examples
On the basis of the analytical and numerical procedures presented in the previous sections, a computer pro-
gram has been written and representative examples have been studied to demonstrate the eﬃciency, wherever
possible the accuracy and the range of applications of the developed method.
Example 1. A cantilever I-section beam of length l = 5.00 m, loaded at its free end by an eccentric
concentrated impact load P~zð~x; tÞ ¼ P 0HðtÞdð~x lÞ, where H(t) is the Heaviside function, dð~x lÞ is the Dirac
function and P0 = 1 kN, with material properties E = 3.00 · 107 kPa, m = 0.20, q = 2.5 kN s2/m4, damping
ratio n = 0 and cross section properties A = 4.20000E01 m2, j~z ¼ 4:02371E 01, I~y ¼ 4:87905E 02 m4,
IMp ¼ 8:46767E  02 m4 (polar moment of inertia with respect to the center of twistM), Ix = 5.82982E03 m4,
CM = 1.16457E03 m6, eM = 1.99620E01 m (eccentricity between centroid C and center of twist M) has
been studied (Fig. 3). In Fig. 4 the boundary distribution of the primary warping function uPM of the cross
ab
Fig. 3. Cross section (a) of the cantilever beam loaded at its free end by an eccentric concentrated impact load P~z (b) of Example 1.
Fig. 4. Distribution of the primary warping function uPM of the cross section of the cantilever beam of Example 1.
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thickness of the cross section walls as it is assumed in Thin Tube Theory for thin walled beams. In Table 1 the
ﬁrst ﬁve eigenfrequencies of the axially free vibrating beam are presented as compared wherever possible with
those obtained from an analytic solution employing a continuous system (Humar, 2002) and from a three
dimensional ﬁnite element solution (MSC/NASTRAN, 1999) using 1599 10-noded tetrahedron solid elements
Table 1
Eigenfrequencies xi (rad/s) of the axially free vibrating cantilever beam of Example 1
xi BEM Continuous system (Humar, 2002) 3-D FEM (MSC/NASTRAN, 1999)
1 1088.235 1087.727 1089.584
2 3263.631 3263.183 3336.821
3 5435.806 5438.639 5556.038
4 7609.615 7614.095 7766.871
5 9781.922 9789.551 9969.770
Fig. 5. 3-D ﬁnite element model (1599 10-noded tetrahedron solid elements) for the cantilever beam of Example 1.
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the ﬁrst mode shape obtained from the 3-D FEM solution and the ﬁrst ﬁve modeshapes obtained from the
proposed solution of the axially free vibrating beam are presented. In Table 2 the ﬁrst ﬁve eigenfrequencies of
the torsionally free vibrating beam are presented as compared with those obtained ignoring warping behavior
(12 degrees of freedom of the classical three-dimensional frame element), with those obtained taking into
account or ignoring warping inertia (with 14 d.o.f.) and wherever possible with those obtained from a three
dimensional ﬁnite element solution (MSC/NASTRAN, 1999) using 1599 10-noded tetrahedron solid elements
(Fig. 5). From this table, the accuracy of the results of the proposed method is once more veriﬁed, the
ignorance of the warping behavior proves to be prohibitive, while the discrepancy of the results arising from
the ignorance of the warping inertia especially in higher eigenfrequencies is remarkable. Moreover, in Fig. 7
the ﬁrst mode shape obtained from the 3-D FEM solution and the ﬁrst three modeshapes obtained from the
proposed solution employing either the 12 d.o.f. classical three-dimensional frame element or the 14 d.o.f. one
taking into account the warping inertia are presented. With regard to the computed mode shapes, though the
nodal patterns of corresponding modeshapes remain the same, the normalized modal angles of twist are
signiﬁcantly different. In Table 3 the ﬁrst ﬁve eigenfrequencies of the transversely free vibrating beam are
presented as compared with those obtained taking into account or ignoring shear deformation, with those
obtained taking into account or ignoring rotary inertia and wherever possible with those obtained from a three
dimensional ﬁnite element solution (MSC/NASTRAN, 1999) using 1599 10-noded tetrahedron solid elements
(Fig. 5). From this table, the accuracy of the results of the proposed method (comparison between the results
of the 3-D FEM solution and those obtained taking into account both shear deformation and rotary inertia) is
once more veriﬁed, the ignorance of the shear deformation proves to be prohibitive, while the discrepancy of
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Fig. 6. First mode shape using 3-D FEM (a) and ﬁrst ﬁve modeshapes using BEM (b) of the axially free vibrating cantilever beam of
Example 1.
Table 2
Eigenfrequencies xi (rad/s) of the torsionally free vibrating cantilever beam of Example 1
xi 12 · 12 member stiﬀness matrix 14 · 14 member stiﬀness matrix 3-D FEM (MSC/NASTRAN, 1999)
With torsional
inertia
With torsional
inertia
With torsional and
warping inertia
1 184.321 216.848 216.679 215.288
2 552.832 722.355 717.195 727.801
3 920.951 1427.933 1400.127 1471.998
4 1288.417 2408.476 2320.666 2330.921
5 1654.970 3694.233 3483.509 3657.171
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Moreover, in Fig. 8 the ﬁrst four modeshapes obtained from the 3-D FEM solution and the proposed solution
taking into account or ignoring shear deformation and including rotary inertia are presented. With regard to
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Fig. 7. First mode shape using 3-D FEM (a) and ﬁrst three modeshapes using BEM (b) of the torsionally free vibrating cantilever beam of
Example 1.
Table 3
Eigenfrequencies xi (rad/s) of the transversely free vibrating in z-direction cantilever beam of Example 1
xi Without shear deformation With shear deformation 3-D FEM (MSC/NASTRAN, 1999)
With transverse
inertia
With transverse and
rotary inertia
With transverse
inertia
With transverse and
rotary inertia
1 166.029 164.263 156.198 154.894 155.641
2 1040.149 969.503 755.069 728.796 736.901
3 2911.591 2499.268 1673.517 1609.029 1603.749
4 5703.817 4431.796 2628.688 2516.694 2432.131
5 9425.989 6598.617 3588.559 3433.578 3437.033
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normalized modal deﬂections are signiﬁcantly different. According to the forced vibrations case, in Tables 4
and 5 the maximum values of the angle of twist max hdynx and the deﬂection in z-direction max u
dyn
~z are shown
together with the corresponding static ones hstaticx , u
static
~z for the calculation of the dynamic magniﬁcation factor
D = maxjR(t)j, RhðtÞ ¼ hdynx =hstaticx , RuðtÞ ¼ udyn~z =ustatic~z taking into account or ignoring warping behavior,
warping inertia and shear deformation, rotary inertia, respectively. Moreover, in Fig. 9 the time history of the
angle of twist hx at the free end of the cantilever beam is presented as compared with this obtained ignoring
warping behavior, while in Fig. 10 the time history of the deﬂection in z-direction u~z at the same point is
presented as compared with this obtained ignoring shear deformation effect. The conclusions drawn for the
free vibrations case are also veriﬁed for the forced vibrations one.
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Fig. 8. First four modeshapes using 3-D FEM (a–d) and BEM (present study) (e) of the transversely free vibrating in z-direction cantilever
beam of Example 1.
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E = 3.00 · 107 kPa, m = 0.20, q = 2.5 kN s2/m4, damping ratio n = 0.04 and cross section properties
A = 11.28 m2, j~z ¼ 0:2306, I~y ¼ 19:0665 m4, IMp ¼ 192:9054 m4 (polar moment of inertia with respect to the
center of twist M), Ix = 42.5734 m
4, CM = 62.4996 m
6, eM = 0.5919 m (eccentricity between centroid C and
center of twist M) has been studied (Fig. 11). In Fig. 12 the boundary distribution of the primary warping
function uPM of the beam cross section is presented. From this ﬁgure, as it was stated for the ﬁrst example,
warping is not constant along the thickness of the cross section walls as it is assumed in Thin Tube Theory
for thin walled beams. In Table 6 the ﬁrst ﬁve eigenperiods of the free vibrating discretized structural model
(Fig. 13) of the curved beam are presented as compared with those obtained taking into account or ignoring
warping behavior (14 instead of 12 d.o.f.), shear deformation and rotary, torsional and warping inertia. More-
over, the presented curved beam has been examined in forced vibrations induced by the accelerogram of Ath-
ens Earthquake at September 7, 1999 (Fig. 14), multiplied by the scaling factor k ¼ 0:7ðmax €ug ¼
1:81 m=s2; t ¼ 4 sÞ and applied to the vertical degrees of freedom of the discretized structural model
Table 4
Angle of twist max hdynx ðradÞ and dynamic magniﬁcation factor at the ﬁfths of the beam length l (m), of the cantilever beam of Example 1
l With torsional inertia With torsional and warping inertia
max hdynx  105 hstaticx  105 Dh max hdynx  105 hstaticx  105 Dh
12 · 12 member stiﬀness matrix
1 0.764038 0.348867 2.190051 – – –
2 1.449962 0.697735 2.078098 – – –
3 2.155921 1.046603 2.059923 – – –
4 2.843669 1.395471 2.037785 – – –
5 3.396536 1.715266 1.980180 – – –
14 · 14 member stiﬀness matrix
1 0.477435 0.166003 2.876068 0.475169 0.166003 2.862418
2 1.171977 0.472759 2.479018 1.169671 0.472759 2.474140
3 1.803232 0.811922 2.220944 1.785964 0.811922 2.199676
4 2.342430 1.158521 2.021914 2.345508 1.158521 2.037190
5 2.904772 1.477694 1.965747 2.923108 1.477694 1.978155
Table 5
Deﬂection max udyn~z ðmÞ in z-direction and dynamic magniﬁcation factor at the ﬁfths of the beam length l (m), of the cantilever beam of
Example 1
l With transverse inertia With transverse and rotary inertia
max udyn~z  105 ustatic~z  105 Du max udyn~z  105 ustatic~z  105 Du
Without shear deformation
1 0.371387 0.164663 2.255428 0.371693 0.164663 2.257289
2 1.317026 0.610752 2.156403 1.316792 0.610752 2.156019
3 2.620040 1.266411 2.068870 2.618017 1.266411 2.067273
4 4.127386 2.059789 2.003791 4.124054 2.059789 2.002173
5 5.682554 2.846667 1.996213 5.689857 2.846667 1.998779
With shear deformation
1 0.534279 0.212804 2.510660 0.531154 0.212804 2.495974
2 1.573520 0.707033 2.225525 1.577210 0.707033 2.230745
3 2.956601 1.410834 2.095641 2.953948 1.410834 2.093760
4 4.525881 2.252353 2.009401 4.518622 2.252353 2.006178
5 6.149368 3.083359 1.994373 6.146056 3.083359 1.993299
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Fig. 9. Time history of the angle of twist hx at the free end of the cantilever beam of Example 1.
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Fig. 11. Plan view (a) and cross section (b) of the curved clamped beam of Example 2.
Fig. 12. Distribution of the primary warping function uPM of the cross section of the clamped beam of Example 2.
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Table 6
Eigenperiods Ti of the curved clamped beam of Example 2
Eigenperiods Ti (s) 14 · 14 member stiﬀness matrix 12 · 12 member stiﬀness matrix
Including shear
deformation
Ignoring shear
deformation
Including shear
deformation
Ignoring shear
deformation
Including transverse, rotary, torsional and warping inertia Including transverse, rotary, torsional inertia and
ignoring warping inertia
1 0.652134 0.628799 0.652613 0.629310
2 0.229004 0.210450 0.229413 0.210896
3 0.146491 0.141767 0.149755 0.145351
4 0.116579 0.103097 0.117492 0.103799
5 0.081788 0.075013 0.082797 0.077020
Including transverse inertia and ignoring rotary, torsional and warping inertia
1 0.643505 0.619103 0.643836 0.619447
2 0.225177 0.205322 0.225396 0.205529
3 0.118503 0.101375 0.118552 0.101431
4 0.075356 0.060233 0.075386 0.060267
5 0.053716 0.039972 0.053734 0.039995
Fig. 13. Discretized structural model of the curved clamped beam of Example 2.
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Fig. 14. Accelerogram of Athens Earthquake at September 7, 1999, multiplied by the scaling factor k ¼ 0:7ðmax €ug ¼ 1:81 m=s2; t ¼ 4 sÞ.
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Fig. 16. Deﬂection response at section C of the curved clamped beam of Example 2.
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curved clamped beam are presented taking into account or ignoring shear deformation and rotary, torsional
and warping inertia. Finally, in Fig. 16 the time history of the deﬂection in z-direction u~z at section C (Fig. 11)
is presented as compared with this obtained ignoring shear deformation effect. From these last two ﬁgures the
effect of shear deformation is once more pronounced.5. Concluding remarks
In this paper the dynamic analysis of 3-D beam elements restrained at their edges by the most general linear
torsional, transverse or longitudinal boundary conditions and subjected in arbitrarily distributed dynamic
twisting, transverse or longitudinal loading is presented. For the solution of the problem at hand, a boundary
E.J. Sapountzakis, V.G. Mokos / International Journal of Solids and Structures 43 (2006) 6707–6726 6725element method is developed for the construction of the 14 · 14 stiﬀness matrix and the corresponding nodal
load vector, of a member of an arbitrarily shaped simply or multiply connected cross section, taking into
account both warping and shear deformation eﬀects, which together with the respective mass and damping
matrices lead to the formulation of the equation of motion. To account for shear deformations, the concept
of shear deformation coeﬃcients is used. Both free and forced transverse, longitudinal or torsional vibrations
are considered, taking also into account eﬀects of transverse, longitudinal, rotatory, torsional and warping
inertia and damping resistance. The main conclusions that can be drawn from this investigation are
(a) The numerical technique presented in this investigation is well suited for computer aided analysis.
(b) The accuracy of the obtained results compared with those obtained from a 3-D solution is remarkable.
(c) Warping is not constant along the thickness of the cross section walls as it is assumed in Thin Tube
Theory for thin walled beams.
(d) The discrepancy of the results arising from the ignorance of the warping degrees of freedom at the ends
of a member necessitate the utilization of the 14 · 14 member stiﬀness matrix, especially for beams with
open form cross section.
(e) The remarkable inﬂuence of the shear deformation eﬀect in the deﬂection and the internal stress resul-
tants is pointed out.
(f) The discrepancy of the results arising from the ignorance of either the warping or the rotary inertia espe-
cially in higher eigenfrequencies is remarkable.
(g) The advantages of a box shaped closed cross section beam subjected in torsional loading compared with
that of an open one are easily veriﬁed.
(h) The developed procedure retains the advantages of a BEM solution over a pure domain discretization
method since it requires only boundary discretization.
Acknowledgements
Financial support provided by the ‘‘HRAKLEITOS Research Fellowships with Priority to Basic Research’’,
an EU funded project in the special managing authority of the Operational Program in Education and Initial
Vocational Training. The Project ‘‘HRAKLEITOS’’ is co-funded by the European Social Fund (75%) and
National Resources (25%).References
Ahmed, M.Z., Weisgerber, F.E., 1996. Torsion constant for matrix analysis of structures including warping eﬀect. Int. J. Solids Struct. 33,
361–374.
Bach, C., Baumann, R., 1924. Elastizita¨t und Festigkeit, ninth ed. Springer, Berlin.
Barsoum, R.S., Gallagher, R.H., 1970. Finite element analysis of torsional–ﬂexural stability problems. Int. J. Numer. Meth. Engng. 2,
335–352.
Cowper, G.R., 1966. The shear coeﬃcient in Timoshenko’s beam theory. J. Appl. Mech., ASME 33 (2), 335–340.
Humar, J.L., 2002. Dynamics of Structures, second ed. A.A. Balkema Publishers, Lisse, Abingdon, Exton (Pa), Tokyo.
Hutchinson, J.R., 2001. Shear coeﬃcients for Timoshenko beam theory. ASME J. Appl. Mech. 68, 87–92.
Katsikadelis, J.T., 2002. Boundary Elements: Theory and Applications. Elsevier, Amsterdam–London.
Katsikadelis, J.T., Tsiatas, G.C., 2004. Nonlinear dynamic analysis of beams with variable stiﬀness. J. Sound Vibr. 270, 847–863.
MSC/NASTRAN for Windows, 1999. Finite element modeling and postprocessing system. Help System Index,Version 4.0, USA.
Murin, J., 1998. Beam element with varying cross-section satisfying local and global equilibrium conditions. Mech. Engng. 49 (3), 208–223.
Murin, J., 1999. 3D beam element with changing cross sectional area. Engng. Mech. 1, 25–35.
Murin, J., Kutis, V., 2002. 3D-beam element with continuous variation of the cross-sectional area. Comput. Struct. 80, 329–338.
Prokic´, A., 2005. On triply coupled vibrations of thin-walled beams with arbitrary cross-section. J. Sound Vibr. 279, 723–737.
Reilly, R.J., 1972. Stiﬀness analysis of grid including warping. ASCE J. Struct. Dir. 7, 1511–1523.
Sapountzakis, E.J., 2000. Solution of nonuniform torsion of bars by an integral equation method. Comput. Struct. 77, 659–667.
Sapountzakis, E.J., Mokos, V.G., 2003. Warping shear stresses in nonuniform torsion by BEM. Comput. Mech. 30 (2), 131–142.
Sapountzakis, E.J., Mokos, V.G., 2005. A BEM solution to transverse shear loading of beams. Comput. Mech. 36, 384–397.
Schramm, U., Kitis, L., Kang, W., Pilkey, W.D., 1994. On the shear deformation coeﬃcient in beam theory. Finite Elements Anal. Des.
16, 141–162.
6726 E.J. Sapountzakis, V.G. Mokos / International Journal of Solids and Structures 43 (2006) 6707–6726Schramm, U., Rubenchik, V., Pilkey, W.D., 1997. Beam stiﬀness matrix based on the elasticity equations. Int. J. Numer. Meth. Engng. 40,
211–232.
Stephen, N.G., 1980. Timoshenko’s shear coeﬃcient from a beam subjected to gravity loading. ASME J. Appl. Mech. 47, 121–127.
Stojek, D., 1964. Zur Schubverformung im Biegebalken. Z. Angew. Math. Mech. 44, 393–396.
Tanaka, M., Bercin, A.N., 1997. Finite element modelling of the coupled bending and torsional free vibration of uniform beams with an
arbitrary cross-section. Appl. Math. Model. 21, 339–344.
Timoshenko, S.P., Goodier, J.N., 1984. Theory of Elasticity, third ed. McGraw-Hill, New York.
Waldron, P., 1985. Elastic analysis of curved thin-walled girders including the eﬀect of warping restraint. Engng. Struct. 7, 93–104.
Waldron, P., 1986. Stiﬀness analysis of thin-walled girders. ASCE J. Struct. Div. 6, 1366–1384.
Yang, Y., McGuire, W., 1984. A procedure for analyzing space frames with partial warping restraint. Int. J. Numer. Meth. Engng. 20,
1377–1398.
